PETERSSON’S TRACE FORMULA AND THE HECKE
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ABSTRACT. Using an explicit relative trace formula, we obtain a Petersson
trace formula for holomorphic Hilbert modular forms. Our main result ex-
presses a sum (over a Hecke eigenbasis) of products of Fourier coefficients and
Hecke eigenvalues in terms of generalized Kloosterman sums and Bessel func-
tions. As an application we show that the normalized Hecke eigenvalues for
a fixed prime p have an asymptotic weighted equidistribution relative to a
polynomial times the Sato-Tate measure, as the norm of the level goes to oco.

1. INTRODUCTION

Let h € Sx(T'o(N)) be a Hecke eigenform (k even), and for a prime pt N define
the normalized Hecke eigenvalue 1/;} by

_ k1 h
p~ 2 Tph=v, h

The Ramanujan-Petersson conjecture asserts that |V{j| < 2. This is a theorem of
Deligne. Because we have assumed trivial central character, the operator T, is
self-adjoint, so its eigenvalues are real numbers, and thus

vy € [-2,2].

For a fixed non-CM newform h, the Sato-Tate conjecture predicts that the set
{v): pt N} is equidistributed in [-2,2] relative to the Sato-Tate measure

(1) dptoo () = { %\/—7%26195 when z € [-2,2],
0

otherwise.

Taylor has recently proven this in many cases when k = 2 [Tal.
When the prime p is fixed, the normalized eigenvalues of T}, on the space Sx(I'g(V))
are asymptotically equidistributed relative to the measure

p+1
dpp(z) = (p1/2 +p71/2)2 2 dpioo ()

as k+ N — oo. This was proven in the late 1990’s by Serre [Se], and independently
(for N = 1) by Conrey, Duke and Farmer [CDF]. An extension of the result (in
the level aspect only) to Hilbert modular forms is given in [Li2]. These results have
an antecedent in work of Bruggeman in 1978, who proved that the eigenvalues of
T, on Maass forms of level 1 exhibit the same distribution ([Br], Sect. 4; see also
Sarnak [Sal]). Even earlier, in 1968 Birch proved a similar result for sizes of elliptic
curves over F, [Bi].
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In this paper we prove a different result on the asymptotic distribution of Hecke
eigenvalues, valid over a totally real number field F. The following is a special
case of a more general result (cf. Theorem 6.6). Notation and terminology will be
defined precisely later on.

Theorem 1.1. Let F' be a totally real number field, and let m be a totally positive
element of the inverse different 0=t C F. For a cusp form ¢ on GLa(F)\ GL2(AF)
with trivial central character, let W denote its m*™ Fourier coefficient (see (10)).
Define a weight
(Wi )2

llell?
Fiz a prime ideal p t md. Let {©} be an orthogonal basis of eigenforms of prime-to-p
level M and weight (ki1,...,k,), with all k; > 2 and even. For such ¢, let

v €[-2,2]

denote the associated normalized eigenvalue of the Hecke operator T,,. Then the
wy,-weighted distribution of the eigenvalues vy is asymptotically uniform relative
to the Sato-Tate measure as the norm of N goes to co. This means that for any
continuous function f: R — C,

lim Z 0w, /f Voo (x

N(9)—o0 Z Wy

w, =

Noteworthy is the fact that here the measure and the weights are independent of p,
in contrast to Serre’s (unweighted) result. The Sato-Tate measure dji, is nonzero
on any subinterval of [—2,2], so in particular the above illustrates the density of
the Hecke eigenvalues in [—2,2].

The proof of the above theorem involves a trace formula which may be of in-
dependent interest. In a previous paper [KL1], we detailed the way in which the
classical 1932 Petersson trace formula can be realized as an explicit relative trace
formula, as a conceptual alternative to the usual method using Poincaré series.
Here we extend the technique and result to cusp forms on GLo(A g), where F' is an
arbitrary totally real number field. We work with spaces Ax (M, w) of holomorphic
Hilbert cusp forms of weight k = (kq,...,k,), all strictly greater than 2, on the
Hecke congruence subgroups I'g(91). Our main result is Theorem 5.11 in which a
sum (over a Hecke eigenbasis) of terms involving the associated Fourier coefficients,
Petersson norms and eigenvalues of a Hecke operator Ty, is expressed in terms of
generalized Kloosterman sums and Bessel functions.

The incorporation of Hecke eigenvalues is a novel feature of this generalized
sum formula. In Section 6 we prove a more general version of the above weighted
distribution theorem by an argument based on bounding the terms of the sum
formula in terms of N(M), following the technique for the F' = Q case from [Lil].
This is analogous to the way in which Serre’s result follows from bounding the terms
of the Eichler-Selberg formula for tr(Zpm ).

In Section 7 we give some variants of the generalized Petersson formula, including
a simplified version for the case where F' has narrow class number 1. In Corollary
7.3, setting n = 1 for the trivial Hecke operator, we recover the classical extension
of Petersson’s formula to Hilbert modular forms, as follows from a 1954 paper of
Gundlach, [Gu]. His results are valid for cusp forms of uniform weight k > 2. Refer
to §2 of [Lu] for an overview of the classical derivation.
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In 1980 Kuznetsov gave an analog of Petersson’s formula involving Maass forms
and Eisenstein series on the spectral side, [Ku]. As an application, he used his
formula to give estimates for sums of Kloosterman sums. His work was reformulated
in a representation-theoretic setting by various authors, see [CPS] and its references,
notably [MW] where the general rank-1 case is treated. More recently Bruggeman,
Miatello and Pacharoni gave a general Kuznetsov trace formula for automorphic
forms on SLy(Fu) of uniform even weight ([BMP], Theorem 2.7.1). An important
application of their formula is an estimate for sums of Kloosterman sums.

In contrast to the above results, here we are concerned only with holomorphic
cusp forms, i.e. those whose infinity types are discrete series. For our test function,
we take discrete series matrix coefficients at the infinite components. This serves
to isolate the holomorphic part of the cuspidal spectrum. At the finite places we
take Hecke operators, which introduces Hecke eigenvalues into the final formula.

Thanks: We would like to thank Don Blasius for a helpful discussion about the
Ramanujan conjecture. We also thank the referee for many insightful comments.

2. GENERAL SETTING

We recall the general setting of Jacquet’s relative trace formula [Ja]. Full details
for the discussion below are given in §2 of [KL1]. Let F' be a number field, with
adele ring A. Let G be a reductive algebraic group defined over F'. Let H be an
F-subgroup of G x G, with H(A) unimodular. We assume that H(F)\H(A) is
compact. Define a right action of H on G by g(z,y) = 2~ gy. For g € G, let H,
be the stabilizer of g, i.e.

Hy = {(z,y) € H|z"'gy = g}.
For § € G(F), let [0] be the H(F)-orbit of § in G(F), i.e.
[0] = {a™dy| (x,y) € H(F)}.
Each element of [§] can be expressed uniquely in the form u~1dv for some (u,v) €

Hs(F)\H(F).
Let f be a continuous function on G(A), and let
(2) K@y = Y flaw) (z.yeGA))
YEG(F)

be the associated kernel function. We assume that the above sum is uniformly
absolutely convergent on compact subsets of H(A). In particular, K(z,y) is a
continuous function on the compact set H(F)\H(A). Let x(z,y) be a character of
H(A), invariant under H(F'). Consider the expression

(3) / K(z,y)x(z,y)d(z,y),
H(F)\H(A)

where d(z,y) is a Haar measure on H(A). A relative trace formula results from
computing this integral using spectral and geometric expressions for K (x,y). Using
the geometric expression (2), it is straightforward to show that the integral (3) is
equal to 3 Is(f), where

L(f) = / @ sy)x(z, y)d(x, ).
H5(F)\H(A)
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We see that

I(f) = / fa1ay) / x(rz, sy)d(r, 5)| d(z,y).
Hs;(A)\H(A) Hs(F)\Hs(A)

An orbit [4] is relevant if x is trivial on Hs(A). From the above, we see that
Is = 0 whenever [d] is not relevant. Indeed the expression in the brackets is equal
to x(zo,yo) fHS(F)\HS(A) x(r, s)d(r, s), where (xq,yo) € H(A) is any representative
for (z,y), and this integral vanishes unless 0 is relevant.

3. PRELIMINARIES

3.1. Notation. Throughout this paper we work over a totally real number field
F # Q. Let
r=I[F:Q],

and let o1, ...,0, be the distinct embeddings F' — R. Let o0q,...,00, denote the
corresponding archimedean valuations. Let O be the ring of integers of F.. We will
generally use Gothic letters a, b etc. to denote fractional ideals of F'. We reserve p
for prime ideals. Let v = v, be the discrete valuation corresponding to p. Let O,
be the ring of integers in the local field F,, and let w, € O, be a generator of the
maximal ideal p, = pO,.

Let N : F — Q denote the norm map. For a nonzero ideal a C O, let N(a) =
|O/a| denote the absolute norm. This extends by multiplicativity to the group of
nonzero fractional ideals of F'. For a € F*, we define

N(a) = N(a0) = |N(a)|.
We also use the above norms in the local setting with the analogous meanings. We
normalize the absolute value on F, by |w,|, = N(p)~L.

By Dirichlet’s unit theorem, the unit group of F' is

O* = (Z)2Z) x 2.
Letting O*? denote the subgroup consisting of squares of units, we see that O* /O*? =
(Z/2Z)" is a finite group. Let
(4) U={u17...,u2r}CO*
be a fixed set of representatives for O*/O*2.

For a fractional ideal a C F, let ord, a (or ord, a) denote the order. Let a, (or
a,) denote its localization, so a, = w;‘,’d'“(“)oﬁ. Let A denote the adele ring of F,
with finite adeles Ag,, so that

A= Foo X Aﬁna

where Fou = FO R R". Let O = [1,co0 Ou. Generally if a is a fractional ideal
of F, we write @ = a0 = [[, .. 6 C Agn. Let CI(F) be the class group of F, of
cardinality h(F'). For a fractional ideal a, let [a] represent its image in the class

group.
Let F* denote the set of totally positive elements of F'. We let F& denote the
subset of F,, of vectors whose entries are all positive. Let

vl ={zeF| trg(:rO) C Z}

denote the inverse different. We set D_T_l = INnF+.
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We use the mathtt font to represent finite ideles. Thus we write
(5) acAl, a=a0, a=0nNa.

In the other direction, given a fractional ideal a C F', there is an element a € Af
such that (5) holds. Explicitly, we can take a, = w9 ®. The element a is unique

up to O*. We define norms of ideles by taking the products of the local norms. For
example, in the situation of (5), we have

|a‘ﬁn == H |a1)|v = H N(av)71 = N(a)71 = N(a)il'
v<o0o <00

We use Roman or Greek letters for rational elements a,a € F'.

3.2. Haar measure. We use Lebesgue measure on R, and take the product mea-
sure on Fi, =2 R". We normalize Haar measure on each non-archimedean comple-
tion F, by taking meas(Q,) = 1. This choice induces a Haar measure on Ag, with
meas(O) = 1, and because A = F + Fi, x O,

meas(F\A) = meas((F N O)\(Fs x 0)) = meas((O\Fa) x O)
(6) = meas(O\Fuo) = d}/*,

where dp is the discriminant of F'. The resulting measure on A is not self-dual.

Let G = GLy. We normalize Haar measure on G(R) as follows. Use Lebesgue
measure dx to define a measure dn on the unipotent subgroup N(R) = R. On
R* we use the measure dz/|z|. We take the product measure dm on the diagonal
subgroup M(R) =2 R* x R*, and normalize dk on SO2(R) to have total measure
1. On G(R) = M(R)N(R)SO2(R) we take dg = dm dn dk.

Let
= I] % = ] 600 = 6(©)
v<o0 v<oo
be the standard maximal compact subgroup of G(Ag,). We normalize Haar mea-
sure on G(Agy,) by taking meas(K,,) = 1 for all v < co. We let Z denote the center
of G, and write -
G=G/Z.

We normalize Haar measure on G(F,) by taking meas(K,) = 1.

3.3. Hilbert modular forms. Let 91 C O be an integral ideal of F'. Let k =
(k1,...,k,) be an r-tuple of positive integers, each greater than or equal to 2. Let
w: F"\A* - C*

be a unitary Hecke character. Write w = [[, w,. We assume that:

(1) the conductor of w divides N

(2) woo, (x) =sgn(z) forall 1 < j <.
The first condition means that w, is trivial on 1+ 91, for all v|9, and unramified
for all v {91. In other words, way is trivial on the open set

On € 0" n(1+M0) = [[+) [[o:.
v[N vtN

Thus w can be viewed as a character of the ray class group mod N

CIM) = A*/[F*(FL x OF)).
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We freely identify Z(A) with A* throughout this paper. For example if z € Z(A)

we write w(z). Let G = GLy and let
L*(w) = L*(G(F)\G(A),w)

be the space of left G(F')-invariant functions on G(A) which transform by w under
the center and which are square integrable over G(F)\G(A). Let R denote the right
regular representation of G(A) on L?(w). Let LZ(w) be the subspace of cuspidal
functions. We know that the restriction of R to L3(w) decomposes as a discrete
sum of irreducible representations. These are the cuspidal representations 7. Every
such 7 factorizes as a restricted tensor product of admissible local representations
KTy -

Define groups

Ko(9) = {<Z Cbl) € Kpu| c € MO}

and

Ki(M) = {(‘C‘ Z) € Ko(M)|d € 1+ MO}

These are open compact subgroups of G(Agy). Let

(7) Hy(M,w) = P,
where 7 runs through all cuspidal representations in L3(w) for which:

(1) Tan = Qp<ooTy contains a nonzero Ki(MN)-fixed vector
(2) moo, = my, is the discrete series representation of G(R) of weight k;, for
j=1...,r
The central character of my, is given by
Yo, (@) = 5E0(2)5 = o (2).

For a discrete series representation m,, let vr be a lowest weight vector,
J
unique up to nonzero multiples. Define the subspace

8) A Nw) = P Cur, @ Dup, @O,

(o)

where 7 runs through all irreducible summands of Hy(9,w). Here 775;1 is the

subspace of K7 (9)-fixed vectors in the space of my,.

Proposition 3.1. The space Ax(M,w) defined above is equal to the set of p € LE(w)
satisfying:

(1) w(gksn) = (g) for all ksn € K1 (N)

T

(2) ¢lgkoe) = [T ™% 0(g) for all koo =TI, ko, € Koo = SO5(R)"
j=1
or any fized T € and 1 < 3 < r, the function geo, — ©(Tgso.) 8
3) Fi fized G(A d he f ; ;

annihilated by R(E~), where E~ = 1 _Z> € gly,(C) and R denotes

i -1
the right regular action of G(Fi;).
The elements of Ax(M,w) are continuous functions on G(A).

Proof. The proof is the same as for the case F' = Q given in Theorem 12.6 of [KL2].
For the continuity, see Lemma 3.3 of [Li2]. O
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By a general theorem of Harish-Chandra, the space Ax(M,w) is finite-dimensional
(cf. [HC], [BJ]). In particular the set of 7 in (7) is finite.

3.4. Fourier coefficients. Let § : A — C* be the standard character of A.
Explicitly,

(1) Ooo(x) = e 2mil@rttee) for o = (21,...,2,) € Fy

(2) For v < o0, 6, is the composition

rEv e(2mic)
Oy Fy =2, Qy— Qp/Z, — Q/Z —— C".
Note that 6, is trivial precisely on the local inverse different ;! = 2710, = {x €
F,| trgz; (x) € Zp}. Recall that 6 is trivial on F, and that every character on F\A
is of the form
O (x) = 0(—max)

for some m € F. This identifies the discrete group F' with the dual group F/’ix
Consider the unipotent subgroup N = {(1 f)} of G. As topological groups,
N(A) = A, so characters of the two can be identified. For m € F', we identify 6,,
with a character on N(F)\N(A) in the obvious way.
For any smooth cusp form ¢ on G(A) and g € G(A), the map n — ¢(ng) is a
continuous function on N(F)\N(A), with a Fourier expansion

o) At )= am X Wi,

F meF
The coefficients are Whittaker functions defined by

(10) Wi = [ (' 1) opomae

The purpose of the factor of d;l/ % in (9) is to balance the fact that by our choice,

meas(F\A) = d;/ ®. This non-selfdual measure is convenient for the calculations
later on. R

Let yi,...,yn € Af, be representatives for A} /F*O*, the class group of F.
Then

G(A) = iLthG(F) {B(FOOWKOC x (Yi 1) Kl(‘ﬁ)]

([Hi], §9.1). Here B denotes the subgroup of invertible upper triangular matrices.
It follows that an element ¢ € Ax(MN,w) is determined by the values

(") (V1) T 1))

for y € Ff and z € F,. We define for y € A* the notation

(11) Wi (y) = Wi (Y1)
By the above remarks, ¢ is determined by the coefficients W% (y) for y € A*.

Proposition 3.2. For p € A,(M,w),
e Wi(g) =WY((™1)g) for allm € F* and g € G(A)
e For anyu € O* and y € A*, Wi (y) = WE(ay) for allm € F*
o Forye Af,, Wi(y) #0 only ify €01,

(Here and throughout, we identify A}, with {1o} x Af, C A*.)
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Proof. These are standard facts. The first follows by a change of variables in (10)
plus the left G(F)-invariance of ¢. The K;(9)-invariance of ¢ gives the second,
and also implies that for u € O

(M) =MD ) ) =) ().

This means that W#(y) = W£(y)8(—muy) for all u € O, which gives the third
when m = 1. (See also §9.1 of [Hi].) O

Proposition 3.3. For any ¢ € Ay(M,w) and any y € FL, WE(y) = 0 unless
mev =0 tnFt.

Proof. By the definition of cuspidality, the constant term ¢y (g) vanishes for a.e.
g € G(A). Because ¢ is actually continuous, it follows that ¢n(g) = 0 for all g.
Therefore when m = 0,

(12) W (9) = ¢n(g) =0.
To ¢ we can attach a holomorphic function on H" by
(13) hiz+iy) = (Y5, % Lan) [T vy 7%
j=1

Then h is a Hilbert modular form for the group I'y (M) = SLo(F) N K1 (M), so it
has a Fourier expansion of the form

h(l’ + iy) = aO(h) + Z am(h)eiw‘— tr(my)eoo7m(x)’

mEDJ:l

where tr(my) = 25:1 oj(m)y;. For any y € Fi, the Fourier coefficients a,,(h)
and W2 (y) are related by

T

1/2 i/2\ _—2mtr(m
(14) Wi ) = d* (] o7 e " ay, ().
j=1
This follows immediately by equating the classical and adelic Fourier expansions of
¢((Y “5)). Together with (12), this implies that W% (y) = 0 unless m € 97", O

4. CONSTRUCTION OF THE TEST FUNCTION

The right regular action of an element f € L'(G(A),w™ 1) on L?(w) is given by

(15) R(f)é(x) = / F(9)é(zg)dg.

G(A)
In this section we will construct a continuous integrable function f such that
R(f) has finite rank (vanishing on Ay(9,w)t), and acts like a Hecke operator
on Ax(M,w). The function will be defined locally:

f:foofﬁn: 1_‘[.]800J H fv~
Jj=1

v<oo
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4.1. Archimedean test functions. For j = 1,... 7 let v, be a lowest weight
unit vector for Tk, and let dk]. be the formal degree of Tk; relative to the measure
on G(R) fixed in Sect. 3.2. We take fo,(g) to be the normalized matrix coefficient

di, (e, (9)vx, , vx, ). Explicitly, if g = (2 4), then (cf. [KL2], Theorem 14.5)
(1) det(g)s/2(20)"
4 — ki

if det(g) >0

0 otherwise.

This function is integrable over G(R) if and only if k; > 2. Therefore in order for
(15) to converge we must assume henceforth that

K >2 (j=1,...,7).

Proposition 4.1. Let foo = []; foo, be as above, and suppose fan is a bi-K1(MN)-
invariant function on G(Agn) satisfying fan(29) = wan(2) " fan(g) and whose sup-
port is compact mod Z(Agqn). Then R(f) vanishes on Ax(M,w)* (the orthogonal
complement in L?(w)) and its image is a subspace of Ax(I,w).

Proof. The case F' = Q is proven in Corollary 13.13 of [KL2], and the general case
is no different. The main point is that fN(R) foo; (g1ng2)dn = 0 for each j. Using

this, one shows that R(f)¢ is cuspidal for each ¢ € L?(w). By the left K;(M)-
invariance of fgy, it is easy to see that R(f)¢ is K1(M)-invariant, while the matrix
coefficients project onto the span of the lowest weight vectors of the discrete series
of the appropriate weight. Thus R(f)¢ € Ax(9,w). (See also [Li2], Prop. 2.2). O

4.2. Non-Archimedean test functions. We now specify the local factors of f
more precisely. Fix a discrete valuation v of F', and let p be the corresponding
prime ideal of O. Let 9t C O be the ideal fixed earlier, and let 91, = NO, be its
localization.

Let G, = G(F,), and similarly for its subgroups Z, = Z(F,), etc. Suppose
fv 1 Gy — C is a locally constant function whose support is compact modulo Z,.
Then the Hecke operator R(f,) is defined by

R(f,)o(x) = /a fo(9)d(zg)dg

for any continuous function ¢ on G,. Note that the integrand is not always well-
defined modulo Z,. In our situation, ¢ will be a function satisfying ¢(zg) =
wy(2)d(g) for all z € Z, and g € G,,. Therefore we must require f, to transform
under the center by w; .

The Hecke algebra of bi-Kj(M),-invariant functions is generated by functions

supported on sets of the form
ZvKl (m)v Ty Kl (m)v
for z, € G,.

Fix an integral ideal n, in O,. We assume that n, is coprime to M,, i.e., that
either n, or M, is equal to O,. Define a set

MWﬁ@ﬂCﬁ@e%@MmmmW—MQ:%}
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The determinant condition is equivalent to detg € wﬁfd”(“”)o;ﬁ. By the Cartan
decomposition of G, we have

w! .
”j?ogu(nu) K ( w%) K, ifviN

Mn,,MN,) = i>j>0

Ky(), if v|MN.

Clearly this is a compact set. We need to define a bi-K;(M),-invariant function
fn,, supported on

ZyM(ny, MNy),
and with central character wy*. If v|0, for k = (¢ 4) € Ko(MN), define

wy (k) = wy(d).
Because ¢ € 91, one easily sees that this is a character of Ky(),. Now for z € Z,
and m € M(n,,M,), define

wy(2)7t ifviN

(17) Ju, (Zm) =
V(M )wy (2) " Lwy(m) ™1 if v

Here, when p|M,
(M) = meas(K1(M),) ! = [Ky : Ko(O)o] = N(p)* V(L +N(p) ™).
It is straightforward to show that f,  is well-defined.

Lemma 4.2. Suppose g = (¢4) € G(F,) and that (det g) = n,. Then fu,(g) # 0
if and only if g € M2(0O,) and c € N,,.

Proof. Note that f,, (g) # 0 if and only if g = zm, with z € Z(F,), m € M (n,,N,).
Taking determinants we see that z is a unit in O, (identifying Z, with F;*). Thus
z can be absorbed into m, so in fact g € M(n,,,) as required. O

Proposition 4.3. The adjoint of the operator R(fy,:) on L2(Gy,wy) is given by
R(fpe)" = Wv(wﬁ)_lR(fpﬁ>-

Proof. We have R(f,)* = R(f;,g) where [, (9) = foe(g71). If g = zm, then
g t=z"tm™ = 7w ) (wimTY) € Z,M (n,,MN,).
The proposition follows easily from this. (Note that ¢ = 0 if v|0.) O
When v 1 9, the functions f,, defined above linearly span the spherical Hecke

algebra of bi-K,-invariant complex-valued functions on G, with central character

—1
wy

Now suppose v { 0 and write n, = p for £ > 0. Let x((¢5)) = x1(a)x2(d)
be an unramified character of the Borel subgroup B(F,), and let (w,V,) be the
representation of G, obtained from x by normalized induction. We assume that

X1(2)x2(2) = wy(2)
for all z € Z,. Define a function ¢ € V, by
(18) $o((85)k) = la/dly/*x1(a)xa(d).
Then ¢ spans the 1-dimensional space of K,-fixed vectors in V.
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Proposition 4.4. Let g, = N(p,). Then m(fye)po = A o, where

Pf, - qv/2ZX1 X2 wv)e j~

Proof. Because fy¢ is left Kv—lnvarlant, R( fot )éo is again fixed by K, and hence
R(fpﬁ)% = Ao for some A € C. The action of 7 is the same as the action of
R, so it suffices to compute A = R(fy¢)¢o(1). Using the well-known left coset
decomposition ([KL2], Lemma 13.4)

we see that

M(pf.9)
‘ ,
w! a 57
- Z Z $o((7" 1)) (meas(K,) = 1)
=0 4c0,/p}
¢ . . 11/2 . ¢ . .
=Y @i/, xa(@) xa(@) T =D xa(@o)! xa(w.) T,
— o
as claimed. (]
Proposition 4.5. With notation as above,
(19) qu/2wv(wv)7z/2)‘pf = Xﬁ(qgl/Z“jv(m?))71/2/\Pu)
where 0 1)
X,(2c080) = sm(s. +9 ) — it | i(t=2)0 | =it
in

is the Chebyshev polynomial of degree L.
Proof. Let ap = wy(w,) /2x1(w,) and B, = wv(wv) 1/2y5(w,). Note that
apBp = 1. Hence we may write o, = e, By =e —and ap + By = 2cos@ for
some 6 € C. By the previous proposition, the left-hand side of (19) is

Zapﬁf J _Zeue —i(t—5)0 _ Ze %i=09 — X,(2cosb).

This proves the result since ¢, /zw(wv)_l/Q)\pv = ayp + By = 2cosb. O

4.3. Global Hecke operators. Finally we define the global Hecke operator. Fix
an ideal n in O, relatively prime to 9. Define a function on Ag, by

fn = H.fnvv

where f,, is defined as in the previous subsection. Then f, is bi-K7(91)-invariant,
and supported on Z(Agn)M (n,MN), where

= [ M., o) = {(2 Z) € My(O)|c e M, (ad—bc)@zﬁ}.

v<o0o
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It is also clear that

fa(z9) = win(2) " falg) (2 € Z(Agn), g € G(Agn)).
We define the operator
T, = R(foo X fn)

on L3(w), which we can view as an operator on Ay (M, w) by Proposition 4.1. The
family of operators T, for (n,9) = 1 is simultaneously diagonalizable (see Lemma
6.3 below).

The following proposition and its corollaries spell out the connection between
Hecke eigenvalues and Fourier coefficients.

Proposition 4.6. Given n, choose n,d € Af  such that nO = 7 and 4O = 0.
Then for any ¢ € Ax(M, w),

W4 (1/d) = N(m)WY (n/d).
Proof. We use the left coset decomposition

M= J U <g :>K0(‘J‘(),

1,5€0/0% £c0/rO

rsO=n

which is proven as in [KL2], Lemma 13.5. We see that

an((y f)):/a@ﬁ,,) fn(g)w(<y gf) 9)dg

R
Note that

A D) p=e (T T et ()

_ Wen(s) lWSo(ysr)‘F Z Wlw(myr)gm(yt

J/2 s s
F meF*

+ )

Therefore

WE(y) = di - eoett. of 0,(2)) = 3 wnn (67 () Y022,

Now suppose Yo = 1 and identify y with ys,. Then we can assume that yr/s €
0! since otherwise W (%) = 0. Then §(—yt/s) is a well-defined character of

t € O/r0, and

Y O(-yt/s) =

te0/rO

N(r) if —y/sed!
0 otherwise.

Thus
(20) WO = Y wn@N@ITE) (e AR

s
y/s€d—1
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Now take y = 1/d. Then y/s € 0~ ! only if s = 1 € O/O*. We can therefore take
r=nand s =1, so

Wi?(1/d) = N(n)Wy (n/d),
as claimed. 0

Using the above, we can express Hecke eigenvalues in terms of Fourier coefficients
and vice versa.

Corollary 4.7. Suppose ¢ is an eigenvector of Ty with eigenvalue A,. Then if
W{(1/d) #0,
N(n)Wy (n/d)

We(l/d)
Corollary 4.8. If (md,M) = 1, then for any T,ny-eigenfunction ¢ € Ax(M, w) with
WP (1/d) =1 and Trmop = Amotp, we have
e2rr H;ZI oj (m)k]‘/zfl

dFeQﬂ' tr(m)

An =

Proof. Apply Cor. 4.7 with n = m0d and n = md. We get

(21) Amo = Nmd)W¥ (1og x mgn) = N(md)W5(m3)! x Lgn).

Here mo = (01(m),...,0.(m)) € Ff. Using (14), it is straightforward to show
that

Wvﬁ(m;ol) — (H O'j(m)_kj/Q)eQTrtr(m)B_QWtr(l)Wnﬁ(l).
j=1

Substituting this into (21) and using N(md) = dpN(m) gives the result. O
5. A HILBERT MODULAR PETERSSON TRACE FORMULA

Let f = fo X fu for an ideal (n,9) = 1, and recall that T, = R(f) is the
associated Hecke operator. Let F be any orthogonal basis for Ax(91,w). (Later we
will require F to consist of eigenvectors of T,,.) Then the kernel of R(f) is given by

Ky =Y R(f)e(@)ely) S fa ),

2
2l =

The first expression is the spectral expansion of the kernel, and the second is the
geometric expansion. The equality of the two hinges on the continuity (in z,y) of
the geometric expansion. The proof of this continuity given in Prop 3.2. of [Li2]
carries over easily to the case of nontrivial central character we consider here.

In this section we apply the technique of Section 2 to the kernel function given
above, taking H = N x N. We need to fix a character on N(F)\N(A)xN(F)\N(A),
which amounts to choosing two characters on F\A. As discussed earlier, every
character on F\A is of the form

O () = 0(—mzx)

for some m € F. Fix mi,me € F. Our goal is to obtain a trace formula by
computing

(22) / / K(nl,ng)le (n1)9m2 (ng)dnldng
N(F)\N(A) JN(F)\N(A)

with the two expressions for the kernel.
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5.1. The spectral side. Using the spectral expansion of the kernel, expression
(22) is easily computed in terms of Hecke eigenvalues and Fourier coefficients of
cusp forms. Suppose the basis F consists of eigenfunctions of T,,. Then for ¢ € F
we have R(f)p = An¢ for some scalar Ay € C. Hence (22) is

AP _ _
= ni1 Hml ni1 dn1 n9 9m2 n9 dng
3 / i, FI ) / 2(12)0umy (12)

- lel? N(F)\N(A)

X W (D)W, (1)
||<p||2

)

(23) =>.

pEF

as in (10). By Proposition 3.3, the above expression is nonzero only if
mi, Mg € D;l.
We may assume that this holds from now on.

5.2. The geometric side. Here we use the method of Section 2 to compute (22)
using the geometric expansion of the kernel. This gives a sum Z[ 4] I5(f), where

Is5(f) :/ f(n1_15n2)0m1(nl)ﬂmz(nz)dnldng.
(F)\H(A)

The orbits [d] are in one-to-one correspondence with the double cosets

N(F)\G(F)/N(F)
Let M be the group of invertible diagonal matrices. The Bruhat decomposition is
the following partition of G(F) into two cells:

G(F) = N(F)M(F) U N(F)M(F) (i’ é) N(F).

We call these the first and second Bruhat cells respectively This gives
NENGE)NE) = (3D v e FHULIE )1 e B

We need to determine which of these orbits are relevant in the sense of §2.
First let 6 = (39) € G(F). If ((* %), (* %)) € Hs(A), then

()G 8= )

for some z € Z(F'). A simple calculation shows that z = 1 and t; = 72, so

(24) HﬂA):{(G 7’5) (é 1>)|teA}

Thus 6 is relevant if and only if
O((m1y —ma)t) =1

for all ¢t € A, or equivalently, v = mg/m; (since m; € D_T_l is nonzero).

On the other hand, if § = <? g) € G(F), one sees easily that

Hs(A) = {(e,e)},

so all of these matrices are relevant.
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5.2.1. Computation of the first type of Is. Here we take mi,msy € Dfrl, and § =
(") where vy = mgy/my. By (24),

_ 1 -t ~v 0\ (1 ¢
s=f ot matayan,

to —t
= / f((g K 21 1))9(m1t1 — mgtg)dtldtg.
{(vt,t)eF2}\AXA
Let t) = vty — t; and ¢}, = to. Then because mjiy = may, we have myt; — maty =
—mqty, so
v h Nt
Is = / f( 0 1 )0(—maty)dt| dt;
{0}x F\(AxA)
— meas(F\A) / f((mQéml i))@(—mlt)dt
A
= d}/z/ f((m2 mlt))e( mat)dt
A

= d}?/Q <m2 ml)
(9)

Here we used (6) and the fact that f(zg) = for z € Z(F).
We factorize the above integral into (I5)eo (L;)ﬁn, and incorporate the coefficient

dllp/ into (Is5)s. First we consider

(I5)fin = /A fn(<m2 n;>)eﬁn<—t)dt.

We shall compute this locally, as we may since fu, (™2, ))6,( t)|t€0 =1 for
almost all v. For any finite place v we have
m t
(Is)y = / fnv(( L >)9U(—t)dt.
F, 1
The integrand is nonzero only if
ordv(%) = ord,(ny)
for some s, € F;;. Supposing this is the case,
s ma 1
(Ts), = / () (7 B )e-nar
is nonzero only if 7:2, 7: 5 € O, by Lemma 4.2. Assuming this, we have

mo t

= | ﬂo)wv<sv>—1fnv(<8v ,%))Gv(—t)dt.

Suppose v|N. Then by the definition of f,, (see (17)),

(1), = wnle) " wn(E) 7 000) [ 0ty

v A}

The integral vanishes unless s, € 9,1, in which case its value is |s,|,. Hence

(U)o = lsolo wo(en) Mwu(TH) (L), ol

v
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Now suppose v 1 9. Then
1) =wnle) [ .-t
5,0,
which as before vanishes unless s, € 0, L. So in this case,
(Is)v = [S0o Wv(sv)_lv vt
Define
w, if /N
25 , =
(25) e {1 it oM,

and let wy = [[wm,y = H1J|‘JI w,. Notice that we is a character on Af . Multiplying
the above local results together, we obtain the following.

ma
Proposition 5.1. Suppose § = ("61 (1)> € G(F). The integral (Is)an is nonzero

if and only if there exists a finite idele s € Af such that

o c0

e ord,(™5*2) = ord,(n) for all v < co

escdl.
Under these conditions,

(I5)fin = [8lfnwan(s) " (Mws(ma /s) ™

where Y(MN) = [Kan : Ko(D)].
Remark: The expression is independent of the choice of s. Indeed if s’ = us for
u € O*, then

wﬁn(s’)flwm(s’) = va(s;) = va(sv) = wﬁn(s)flwm(s)
vt vt

since w,, is unramified for v t 9.

For purposes of computation, the following lemma is helpful and easily verified.

Lemma 5.2. With notation as above, (Is)sn is nonzero if and only if for every
finite valuation v of F,
v def % ordv(mlmgnfl) S/
e ord,(m;) > &, > —ord,(d,) fori=1,2.

If these conditions hold, then we can define s by taking s, = @S for all v.

For the infinite part, we have the following.

ma
Proposition 5.3. Let 6 = <"61 (1)) with my, mg € F*. Then (I5)s is nonzero if
and only if mi,mo € FT. Under this condition,

dif® Aoy (mums) 2

(-[5)00 =
czGomm 1L & —2)!
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Proof. We have

The integrand is nonzero only if o;(mimz) > 0. By the formula for fu,,

/O:O foo, ( (cfj(mz) . (inl)> Yoo, (—t)dt

00 2mat

= i 2¢)% dt.
T oj(mims) (24) oo (=t +ioj(my +ma))e
Using a complex contour integral, this is nonzero only if ¢;(m1 +mz) > 0, in which

case it equals

(47T)kj—1
(k; —2)!
Full details are given in [KL1], Proposition 3.4. Because oj(m1) and o;(m2) have
the same sign, the condition o;j(m; + ms) > 0 is equivalent to o;j(m1),0;(ms2) >

k;/2 —27mo;(mi+m
oj(mymy)ki/2e=2moi(mitma)

0. ([l
mo
Proposition 5.4. Let § = <”61 1) for mi,ma € 1. Then I5(f) is nonzero if
and only if %@ =10 and ", M2 ¢ O for some s € 01, Under this condition,
k;j—1
I ﬁ@W%WWﬂ a2y ()
5= .
j=1 (kj —2)! ™R (Mt M2) o (1 /8 )wn (s)

Proof. By Lemma 5.2, we can take s, = w&ord“(mlmQ)_Ord“("))ﬂ. Choose n € A}

such that n® = #. Then
Imamaln \ /2
|S|ﬁn = -

|nfin
Note that by the product formula and the fact that my,my € F'T,

r
|m1m2\ﬁn = H Uj(mlmg)_l.
Jj=1

Hence ,
sl = N(n)"/* ] ] oy (mama) =72,
j=1
The proposition now follows immediately upon multiplying (Is)g, and (Is5)eo to-
gether. O
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5.2.2. Computation of the second type of I5. Let v < co be a finite valuation of F.
Let n, € O, — {0} and let my,,mo, € 0, %. Recall that the conductor of w, divides
MN,. For ¢, € M, — {0}, define a generalized (local) Kloosterman sum by

Swl, (mlva Moy 5 Ny Cv) - Z 91,( )Wu (52) -1 .

51,50€04 /cy Oy
s182=ny mod cy Oy

M1y S1 + Moy S2

Cu

The value of the sum is 1 if ¢, € OF. (The above notation is not quite consistent
with [KL1], which has w,(s1)71.)

~

Forne ON Af,ceEMNNAL, m,m € 21, and we as in (25), we define

m;S; +mos _
Swm (m17m2;n; C) = Z eﬁn(M)w‘ﬁ(SQ) L

51,59€0/cO
s189=n mod O

Then
Swm (m17m2; n; C) = H Swm,v (m1v7m2v§ Ny, Cv)-

V<00

When § = ({#), we have seen that Hs = {(e,€)}, so

= [ F (3 4) 72) o ) s )i,

We will compute this locally. Write n; = (1 tf ), 1 =1,2. Then

(0 pu [t p— Tt
(26) n; (1 0) n2—< 1 t .

Proposition 5.5. Let mi,mo € 07 L. If 6 = ( M), then (I5)an is nonzero only

1

if CQM@ =1 for some c € N. Under this condition, let n = —c2u be a generator of
n (the negative sign is for convenience). Then

T

(Is)an = [ [T(=D% | ¢(M)wsin(c)Sum (m1, ma;n;c).

j=1

Proof. For a discrete place v,

—t — 1t
(Is)o = // fw(( 11 K " ! 2))9u(m1t1 — maty)dtidts.
F,xF, 2

The integrand is nonzero only if there exists ¢, € F such that
This means

Cy —t1  p—tits
(o ) (F 7 e o
(1) cpb €M,

(2) cpt1,cota € O,
(3) ord,(c2u) = ord,(n,).
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Note that the first and third conditions determine c, up to units. By the third
condition, c%,u = —n, for some generator n, € n,,. Now make substitutions in the
integral by replacing t; and t5 by Citl and %tQ respectively. Then

_ [t ethle mat; — mot
=l [ et (T e
O, x0O,

v Cy
The integrand is nonzero if and only if
(1) cp €Ny
(2) tita = —n, mod ¢, O,.
Assuming these hold, the value

_tl —n,—tite wv(cv)w(mv)wv(t2)_l lfv|§:Yt
hotert e

¢ t .
v 2 wy(cy) otherwise

depends only on the residue class of t; modulo M,. Furthermore, because 6, is
trivial on 9! and my,mgy € 071, the value HU(%) depends only on the
cosets t1 + ¢,O, and t3 + ¢,O,. Thus the entire integ;and is constant on cosets of
c,O,. Each of these cosets has measure |c,|,, so these measures for ¢; and ¢o will
cancel the coefficient |c,|; 2 in the integral. Therefore

Y(Ny)wy(cv) Z Wv(52)_19v(

51,52€0q /ey Oy
s182=—ny mod cy Oy

MS1 7 M252) -t
Cy

(—[5)11 =
wo(cy) 3 g, (Lo~ 252 if v 9.

Co
51,52€00 /cy Oy
s182=—ny mod cy Oy

Replacing so by —so, in either case we see that
(Is)o = YNy )wm w(—1)wy(Cy) Swm , (M1, M25 045 Cy).
Multiplying the local results together, we obtain
(Is)fin = Y(Mwn (—1)win(c) Swy (M1, M2; 15 €).

The final point is that because w(—1) = 1 and w, is unramified for v { N,

T

wn(=1) = [Jwu(=1) = JT wo(=1) =wae(-1)7* = [T (-1

v|N V<00 j=1

Proposition 5.6. Let § = (1 M) € G(F). Then

—1 — 11t
(27) (15)00 = // foo(( 11 K ¢ 1 2>)900(m1t1 — mgtg)dtldtg
Foo X Foo 2
is monzero only if m1, mo, —p are all totally positive. Under these conditions,

N(—p)/? ﬁ(47ri)ka‘,/aj(m1m2)kjlej1(47T —oj(umims))

I =
( 5)00 eQﬂtrg(m1+m2) 2(kj - 2)'

j=1

where Ji is the Bessel J-function.
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Proof. The computation of (/5)w, is given in [KL1] Proposition 3.6, and the above
is the product of these local computations. Note that since —u € F*, N(—u) =
N(=p) =II;=; o5 (=p). O

Multiplying the above results together, we obtain the following.

Proposition 5.7. Let§ = (1 M) € G(F), andmy,mq € D_T_l. Then I5 is nonzero

only if
(1) —p is totally positive
(2) 2O =7 for some c € NN AL,
Under these conditions, letting n = —c?u, we have
N(—p)'/?

2r€2ﬂ' trs (m1+m2)

T 1\ ki o:(mim kil
y H (—4mi) (m ka_1(47r\/m).

5.2.3. Total contribution of the second Bruhat cell. The total contribution of the
second type of § is a summation of I5 over all p € F* satisfying the conditions in
Proposition 5.7. For this we need to give a more systematic description of the set
of such pu.

Let c € A, and let ¢ = cO N F be the associated fractional ideal of F. Then
condition (2) of Proposition 5.7 is equivalent to

Is = (M) wsin (c)Spy (M1, Ma;n; )

(28) () =n
and
(29) N|c.

We need to determine the elements p which satisfy (28) for some ¢ as in (29).
Consider the following equation in the ideal class group
(30) 1= [b]*[n].

If no solution b exists, then the contribution of this Bruhat cell is 0. Some examples
are given at the end of this section. Otherwise, let

[51}7 [bQ]’ SR [bt]

be the distinct solutions of (30). We take the b; to be integral ideals. Because b?n
is principal, there exists a nonzero element 7; € O such that

(31) (m:) = bin.
We fix such generators 7y, ...,n; once and for all.

Suppose (28) holds. Then [¢]~! = [b;] for some i, so ¢ = sb; ! for some s € F*.
Substituting ¢ = sb; ! into (28), we see that (u) = (s7%;), i.e. pu = —5= for
& for some s € F*, then it satisfies (28) with

some u € O*. Conversely if u =
¢=sb; .
For each i = 1,...,t fix a generator b; € b;. We obtain the following lemma:
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Lemma 5.8. An element u € F* satisfies condition (2) of Proposition 5.7 if and
only if
—niu

52
for some i € {1,...,t}, u € O* and s € b;M. If this condition holds, then we can
take c = sbi_1 andn = m-ubi_2 in Proposition 5.7.

(32) p=

Proof. The above discussion shows that u satisfies (28) if and only if it is given by
(32) where ¢ = sb; *. Then it is easy to check that 9M|c if and only if s € b;3. The
last part of the lemma follows by a simple calculation. (I

Lemma 5.9. In the notation above, if

—nu =
52 - 8/2 ?

then i =i’ and uO*? = 'O*2. Furthermore if we assume u,u’ € U as in (4), then
u=u' and s = +s'.

Proof. By (31), we have b?ns=2 = bZns’ ~?. Therefore (b;b;,1)? = (ss'~1)%. By
unique factorization of ideals, we have b;b;,' = (ss'~!). Therefore [b;] = [by],
and hence i = i’. With i = 4/, we have uu/~! = (ss'~1)2. This implies that
wu'~t € O*NF*? = 0*2. Then if u,u’ € U, it is immediate that « = u/, and hence
s=+¢. O

Proposition 5.10. The total contribution of the second Bruhat cell is
1 —1

(33)

P(N) H —4mi)%\/oj(mimo)

or 27 trg (mit+mz) I (kj — 2)!

3 3 N U 1/2
XZ Z Z {wﬁn (sb; )Swm(ml,mg;mubi Q;Sbil)(IZI(s))

weU s€b; N/t
n;ueF+t S0

I oo L)

5.3. Main result. For ¢ € A(M w) and m € 2}, let W, denote the Fourier
coefficient of ¢ as in §3.4. If ¢ is an eigenfunction of the Hecke operator T,, = R(f),
we write

Tap = )\fQO
Equating the geometric and spectral computations of the previous sections, we
obtain the following upon multiplying both sides by

e2mtrq(mitms) T (k; —2)!

Y(N) =1 (4m+/7;(mimg))Ei—1

Theorem 5.11. Let n and N be integral ideals with (n, M) = 1. Letk = (ky,...,k;,)
with all k; > 2. Let F be an orthogonal basis for Ax(M,w) consisting of eigenfunc-
tions for the Hecke operator T,. Then for any mq, my € D;l,

27 trg(mitma) | 7 (k; — 2)! ASWE (L)W, (1)

P(N) =1 (4my/ Uj(m1m2))kj71 s; lloll?
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dy/*N(n)!/?
wy(m1/s)wan(s)

) 1/2
+ Z Z Z {Wﬁn Sb (m17 ma; nlub bl—l)I\I(IZ;(S))

uwelU s€b;N/+
nLuEF 3#0

= f(ml, mao, n)

where:
o T(my,ma,n) € {0,1} is nonzero zf and only if there exists s € 91 such
that m1, mgy € sO and mlmg(’) = s?n (see also Lemma 5.2)
U is a set of representatives for O* |O*?
b;O = b; for b; as in (30) (fori=1,...,t)
n; € F generates the principal ideal bin

wm:HwU X Hl.

v|N v

Remarks: (1) The above represents only part of a larger picture because we
have treated just those Fourier coefficients coming from the identity component
of G(F)\G(A)/K-Kp(MN). The general case would result from integrating

E((7 1)m, (Y1 )n2),
where yq,...,yn € A, are representatives for the class group of F.
(2) We can choose the basis so that each ¢ € V, for some cuspidal representation
7. Then the eigenvalue \{ depends only on 7, and not on ¢. This can be seen from
(38) and (39) below.

Example 5.12. Suppose F = Q[\/a] is a real quadratic field with narrow class
number 1 (e.g. d=2,5).
For such fields, the fundamental unit € has negative norm. We can take U =

{£1,£e}, and n = (n), with n € F*. See Theorem 7.2 below.

Example 5.13. Let F = Q[\/&] be a real quadratic field with class number 1 and
narrow class number 2 (e.g. d =3).

In this case, the fundamental unit € has positive norm. If n does not have a
totally positive generator (i.e. if n = () is nontrivial in the narrow class group),
then there is no v € U for which nu € F*. Thus for such n, the entire Kloosterman
term in the above theorem vanishes.

For general F, n; can only make a nontrivial contribution to the Kloosterman
term if it satisfies the sign condition

(sgunit,...,sgnn’") = t(sgne’, ..., sgne’")
for some unit € in a fundamental unit system. We now give some examples to
illustrate various possibilities for the ideals b;.

Example 5.14. F has class number 2.
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In the class group CI(F), the equation [b]?[n] = 1 has solutions if and only if
[n] is trivial (since 22 = 1 for all # € CI(F)). Hence the Kloosterman term is
nonzero only if n = (n) is a principal ideal. In this case, we can take b; to be any
non-principal ideal and by = O.

Example 5.15. F has class number 3.

Now we have 22 = 27! for all € CI(F). Therefore the equation [b]*[n] = 1 has
a unique solution in CI(F'), and we can take b =n.

Example 5.16. F' has odd class number.

Suppose h = | C1(F)| is odd. Then the equation [b]?[n] = 1 has a unique solution.
For example we can take b = n(h=1/2,

6. WEIGHTED DISTRIBUTION OF HECKE EIGENVALUES

As an application of Theorem 5.11, we will show that relative to a certain mea-
sure, the (normalized) eigenvalues of the Hecke operator T}, have a weighted equidis-
tribution in the interval [—2,2] as N(MN) — occ.

6.1. Estimates. As a function of 91, the contribution of the first Bruhat cell (given
in Proposition 5.4) has order
_ 1
Y(N) = [Kain : Ko(N)] = N(M) H(1 + N*p)-
pIN

Here we will show that this is the dominant term in the Petersson trace formula
as N(IM) — oo. For this, we need to show that the contribution (33) of the second
Bruhat cell is small in comparison.

We start with the following naive estimate (essentially the triangle inequality)
for the Kloosterman sums.

Lemma 6.1. For any my,ma € 0!, nonzeron € O andc e MN Az,
|Swe (M1, ma;n; )| < N(n)N(c).
Proof. 1t suffices to prove the lemma locally. Note that

Ne) = [ Neeo) = ] 10./c.0,1.

<0 v<oo

We have

|Swm,v (mlv m2;Ny; Cv)l

+ _
< 3 |, (LI 252y (s2) 7Y = > 1.

C
51,80€04 /ey Oy v 51,59€0y /ey Oy
s182=ny mod cy Oy s189=ny mod cy Oy

In the case where ord,(n,) > ord,(c,), we can replace n, by c, without loss of
generality. Thus assuming 0 < ord,(n,) < ord,(c,), we need to count the elements
of the following set:

(34) {(s1,82) € (OU/CUOU)2| $182 = n, mod ¢, O, }.
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For a fixed s; € O,/c,O, (we can assume that 0 < ord,(s1) < ord,(c,)), there
exists a solution sy to the congruence if and only if ord,(s1) < ord,(n,). If this
condition holds, then the number of solutions ss is

c
—0,/c,O0y| = |0,/510,| = N(s1).

Thus the cardinality of (34) is

ord, n,
Cy N
> Ne= Y N0 20
SEOy /ey Oy £=0 v
ordy (s)<ordy (ny)
ord, n,
(35) < Z N(w’)N(c,/w’) = N(cy)(ord,(n,) + 1) < N(c,)N(n,)
as desired. 0O
Proposition 6 2. As a function of N, the contribution (33) of the second Bruhat

cell is < N(w 5= for any 0 < e < 1 as N(M) — oo. Here the implied constant

depends on n, k and €.

Remark: The middle expression of (35) is < N(c,)N(n,)¢" for any ¢’ > 0. Using
this, the dependence of (33) on n can easily be shown to be <« N(n)3/2+<'~¢/2 for
0<e<l

Proof. By Lemma 6.1, (33) is

)12 - (s
com S T $ MEONGI],  e)
B S -
< ¥ Z Z Z Z HJk—l 47T\/a](mum1m2))'

nLZEEII{“+ eeb m/o* acO* /{£1} j=1 |OJ )||OJ( )|

We remark that |o;(s)] is not well—deﬁned for s € b;91/O*, so the summands depend
on a choice of representatives s, which we regard as fixed. By the units theorem,
the set

{(log|o1(a)l,...,log|o.(a)]) : a € O*}
is a full lattice A in the (r —1)-dimensional hyperplane 1 +- - -+x, = 0 in R". Thus
the summation over a € O*/{£1} can be replaced by a sum over A = (A,...,\;) €
A. Recall that

1 2
Ty () < min(le| /2, 25 Y) < < .
- max([e]72, 2] 2) = [e[/2 + [2] 2

o;(s)
4dmy/oj(niumims)

As a result, if we let 7; = log and A\; = log|o;(a)|, we can bound

kafl(e*(’\ﬁ”)) to give

Z HJk N 47n/0](mum1m2 Z 1
-

HJ 1 e —(Aj +TJ)/2—|—6 (Aj +TJ))

a€0* /{£1} j=1 l73(s)l|o;(a AeA
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Let 3=2—¢for 0 <e < 1. Using ), A\; = 0, the right-hand sum is

1
_Z B+ —(1/218) N+ O+
2T, POF [ (e /DO 1 et 73))

1
o )Z G- m)B HT, (e —(1/24B8)(Xj+75) 4 eE(AjJrTj))

(4m)"/N( mumlmQ 1
Z (e~ (/2B (Xi+75) 4 ee(Nitm))

N(s

)\GA
We claim that this last sum over A is bounded, independently of s. Let Lg be the
hyperplane 1 + - - - + x,. = 0 containing A. Then

Z 1 < dl‘l dl‘r 1
2 T (e @205 1 exturm)) < [y T (e (76 w) 4 e 7))

The 7 factor of the integrand is bounded, so the above is

< dzx dr,_1 H/ <
— _— o0
Rr—1 H?Jﬁ;i(e—a/zw)(x,-wj) + es(@+75)) iS1/R e—(1/2+B)x 4 eew

as claimed. Therefore (33) is

<w§:Z 2

w€U  s€b;M/O*
nlueF+ s;ﬁO

2—e

(4m)"/N(n;umims)
N(s)

The first two sums are taken over finite sets. The set of s € b;M/O* is in 1-1
correspondence with the set of principal ideals (s) divisible by b;91. Hence we can
replace the sum over s by a larger set: all integral ideals a divisible by 1. Therefore

(33) is
(M) 1 ¢ ()
<yp(N Z N(a N(M)2—= ; N(a/)2—¢ < NGOG
(We use the absolute convergence of the zeta function (r(s) =", N(a 7= for Res >
1) O

6.2. Weighted equidistribution. Let (X, 1) be a Borel measure space. For each
i =1,2,... let F; be a finite nonempty index set, and let S; = {z;};cr be a
finite sequence of points of X. Suppose each j € F; is assigned a weight w;; € R*.
Define

2 jer, WigOay,

djer, Wij

where 0., is the Dirac measure at x;;. We say that the sequence {S;} is w-
equidistributed with respect to the measure dy if

lim dp; = lim 72'765 Y
1— 00 11— 00 Zje.ﬁ Wy
This means that for any continuous function f : X — C, we have

lim ﬂwm=@2w%ﬁ% /f@

i—00 o Zjef Wi

dpi =

)

=dpu.
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If w;; = 1 for all 4, 7, then this definition reduces to that of equidistribution given
in §1 of [Se].

6.3. The distribution theorem. Let p be a prime ideal, not dividing the level
M. In this section we will apply the main theorem in the case where n = p* (£ > 0),
and m=mq =ms € Ojrl.

For each irreducible summand 7 of Hy(M,w) (cf. (7)), let Fr be an orthogonal
basis for the nonzero finite-dimensional subspace m N A (91, w). Let

(36) F=|JFx

be the resulting orthogonal basis for Ay (91, w).

Lemma 6.3. For any ¢ € F and any prime ideal p 1 N, the cuspidal representation
(m, V) containing ¢ is unramified at p. Furthermore, ¢ is an eigenfunction of the
global Hecke operator Ty, and the associated eigenvalue )‘fl coincides with the local
eigenvalue Aye attached to my in Prop. 4.4.

Proof. Write mgn, = mp@7’, wheren’ = ® , <o m, is a representation of the restricted
vZon

direct product G’ = H/GU. Let K' = G'N K1 (M). Let f = f, with n = (1). Then

v < oo
vV

()

man(f) is the projection operator of V4, onto 7T§<nl , and

(37) Tt = 1 (F)Van = 1o (fo, Vo @ 7 (f)WV = m” @'
The middle equality holds e.g. by Prop. 13.17 of [KL2].

Now take n = p’ and f = fo X fo. By the definition of Ax(M,w) (eq. (8))
we can write ¢ = W, ® Wgy, where weo = ®Uﬂ—ooj and wgy € ngl(‘ﬁ . Because

0 # wgy € ﬂ'lf-;l (m)’ it follows immediately from (37) that 7, is unramified. Because

Ty is also unitary, it follows that 7, = 7, is induced from some unramified character
x((2%)) = x1(a)x2(d) of B(F,). Therefore Wﬁ(” = Cg¢y is one-dimensional (for
notation see (18)), and we can write wan, = ¢ @ w’ as in (37). Thus ¢ = W, ®
¢p @ w’, and
Tp‘]@ = R(f)¢ = Too(foo)Woo @ Wp(fvp)(% ® W/(f/)w/
= Woo @ Ape do @uw = Apt .
O

The local Langlands class of m, is the GL2(C)-conjugacy class of the matrix g(m,) =

(Xl(wP) m(wp))' Let ¢ = N(p). By the above lemma and Prop. 4.4, the trace of
g(my) is given by
(38) X1 (@) + xa(wp) = ¢~ 2AY.

If x is unitary (i.e. m, is not complementary series), then it is clear that [Ay| < 2¢*/2.
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In fact by the Ramanujan conjecture this is always the case.!
When n = p’, the operator wy(wwp) /2 R(f) is self-adjoint (cf. Prop. 4.3), so its
eigenvalues are real numbers. We let
def — —
upﬁ = wy(op) 2 é/Qx\fg eR
denote this normalized Hecke eigenvalue. We sometimes write 1/;‘( to emphasize
that it depends only on the cuspidal representation m. Note that v} € [—2,2] by

the Ramanujan conjecture. By Prop. 4.5,
(39) v, = Xo(g).

We will adapt the argument of [Lil] for finding the asymptotic weighted distribution
of the set of 1.

Lemma 6.4. In the notation of Theorem 5.11, for any £ > 0 and any m € D;l,
f(m,m,pé) %0 if and only if both of the following hold:

(1) £=20 is even

(2) 0 < <ordy(md).
Proof. The two conditions of Lemma 5.2 specialize respectively to the two condi-
tions above in the special case where m; = mo = m and n = p. ([

Proposition 6.5. Fizm € D;l and a prime ideal p 1 N. For each ¢ € F, define a
Wi (1)

weight w, = —eE Then for any £ >0 and 0 < e < 1,
Z X Jp(N) + (nggg?gze) if £ =20 with 0 < ¢’ < ord, md
PEF O(N(gg?g)—s ) otherwise,

where X, is the Chebyshev polynomial defined in Prop. 4.5, and

1/2
(4moj(
J= 47rtrQ(7rL) H k _ 2

The implied constant depends only on m, p, £, k and €.

k;j—1

Remark: This shows in particular that when N() is sufficiently large,
(1) Ax(91,w) is nontrivial
(2) W£(1) is nonzero for some ¢ € F.

Proof. This follows from the generalized Petersson trace formula. We use the form
developed in the proof, rather than the final statement in Theorem 5.11. The
spectral side (23) of the trace formula with n = p* and m; = my =m € Djrl gives

Z |W‘P B pr e/z €/2Xg( ) w,.

2
Z e T &

IThe Ramanujan conjecture was proven at all but a finite number of unspecified places for
holomorphic cuspidal representations 7 of GL2(A) with all weights > 2 by Brylinski and Labesse
([BL], Theorem 3.4.6). Recently the full conjecture (at all places, when all weights are > 2)
was proven by Blasius, with a parity condition on the weights [Bl]. The parity requirement was
removed in the thesis of his student L. Nguyen [Ng]. However, as we remark after Theorem 6.6
below, our results do not actually depend on this deep theorem.
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The above is equal to the geometric side, which by Prop. 5.4 and Prop. 6.2 is
)

=TT 2 () 4+ O L

wm(m/s)wﬁn(s)q v (N(‘ﬁ)%f)

for J as above. By the above lemma, the first term is nonzero if and only if £ = 2¢'
with 0 < ¢ < ord,(md). In this case we can take

th

T(m,m,p")

s=(..,mym mw;él,m,m,...).

Note that wy(m/s) = [[,mwp(1) =1, so

) =
war(m/8)whn(s) = wan(s) = wan(m)wy () "

Furthermore wg,(m) = weo(m)™
metric side is

= 1 since m € F*. Thus in this case the geo-

¥(MN)
= Wp (wp)5/2q5/2jw(‘ﬁ) + O(W)z_a)
The proposition now follows by equating the spectral side with the geometric side
and dividing by wy (wwp)*/2¢"/2. -

Theorem 6.6. Let p be a prime ideal of F, and let k = (ky,...,k,) be a weight
vector with all k; > 2. For each i =1,2,...

o let M; be an ideal coprime to p, with lim N(M;) = oo,

11— 00

o et w; be a unitary character as in §3.3 relative to N; and Xk,
o let F; be an orthogonal basis for Ax(M;,w;) as in (36).
Fiz any m € 03", and define weights w, = |W¥(1)[2/||¢||? for ¢ € F;. For each i,
define a sequence
Si ={vy toer,
in the interval [—2,2]. Then the sequence S; is wy-equidistributed relative to the

measure
ordy, (om)

dule) = D" Koo (@)dusc(e),
=0
where djio () is the Sato-Tate measure defined in the Introduction. In other words,
for any continuous function h on R,

h(v)w
lim M :/ h(x)dp(z).
1— 00 ZLPE]'-i wtp R

Remarks: (1) When p  md, the measure u coincides with po, and is independent
of p. Further taking all k; even and w; trivial, we immediately obtain Theorem 1.1.
(2) The above result (and its proof) is actually independent of the Ramanujan
conjecture. All we need is the existence of a finite interval I, which contains all of
the eigenvalues vy . This is elementary ([Ro], Prop. 2.9).
(3) The theorem shows in particular that the Satake traces vy are dense in the
interval [—2,2]. The referee has pointed out that this can also be seen directly by

considering CM cusp forms.
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Proof. Setting £ = 0 in the previous proposition, we have

_ Y(M)
Soez}_i We = Jﬂ/(mi) + O(N(‘ﬂi)Q—E

Therefore for any £ > 0
Z¢€fi Xo(vg )wy, {1 when £ = 2¢', with 0 < ¢ < ord, m?,

).

lim =
oo Zwefi We

(40) :Ammww.

This last equality holds by the orthonormality of the polynomials X, (x)

/ Xi(2) X (2)dpioo (7) = dyj
R

(cf. [Se]). Because deg X, = ¢, the set {X,} spans the space of all polynomials.
Because the space of polynomials is dense in L>°([—2,2]), we can replace X; by
any continuous function A in (40) and thus obtain the result (see §29.3 of [KL2] for
details). 0

0 otherwise

7. VARIANTS AND SPECIAL CASES

We have four corresponding types of parameters (under various hypotheses):
Satake Hecke Whittaker Classical
- > @ > © >
VP >\n Wm(y) am(h)

For convenience, we give the correspondences explicitly here, so that when possible
AW, (D)W, (1)

TlP e
in terms of their parameter of choice. Let nO = n and dO = 0. If W#£(1/4) = 1,
then by Corollaries 4.7 and 4.8,

anyone can rewrite the spectral terms in the main formula purely

e27r H;:1 o; (m)kj /2—1

dF627r tr(m)

A =Nnm)WY(n/d) and Wi(l) = Amo,

either of which can be used if an orthogonal basis of such ¢ is given. Also, using
(39) we have

(41) AL = wan(@) 2N Y2 T T Xora, ) 07).
pln
The classical picture is given explicitly at the end of this section.

The case of narrow class number 1. From now on we assume that F' has
narrow class number 1, i.e. that every fractional ideal in F' has a totally positive
generator. This implies that every totally positive unit is the square of a unit
([CH], Lemma 11.6). In this case Theorem 5.11 simplifies substantially, and a
classical interpretation follows from (14).

Fix n, N,d € F* such that

(42) () =n (N)=9 (d)=02.
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Proposition 7.1. Suppose F' has narrow class number 1. For § = (m2/m1 1 ),

k—1
T(dmq,dma, n)d}/zN(n)l/Qw(m) r (47T\/W)

Is(f) = T ;
s(f) ezwtrQ(mlerz)Wm(,/mln/mg) i=1 (kj — 2)!'sgn(o;( /%))kj

where
1 ifaaj/a is a square in O for all

T(a1,as2,a3) = distinct i, 5,k € {1,2,3}

0 otherwise,

and the square roots are chosen compatibly so that \/mlmz/n\/mlr]/mg =mq.

Proof. By Prop. 5.4, we know that I is nonzero only if
o L T2 € O for some s € 0!
o M =1
If these hold, then because the class number is 1, we can actually take s € 071, so
we change fonts to s as a reminder that s € F'. Furthermore the second condition is
equivalent to mymy = 32u77 for some unit u. Because mimao, s2, n € FT, it follows
that v € FT, and hence u is the square of a unit. We can absorb this unit into s,
so the condition becomes
(43) mymg = 8.
Write s = s'/d for d as in (42). Then the above conditions are equivalent to
(1) 4m dm2 ¢ O for some s’ € O
(2) Wmfme) —
It is easy to check that these conditions hold if and only if T'(dmy,dms,n) = 1.
Now suppose the above holds, so that by Prop. 5.4,

11 (4 /o, e ) 4/ N(m) ()

(kj — 2)[ e27r trg(mlerg)

I = .
j=1 war(m1 /s)wein(s)

By (43), we can write s = y/mymg/n. This element is defined up to £1, and there

is no canonical choice since we cannot guarantee that s € FT. (E.g. (1 + v/2)?

has no totally positive square root.) In any case, the final result is independent of

this choice by the remark on page 16. Using this expression for s, the proposition

follows by the fact that

Win(8) = woo(s) ™! = H sgn(o;(s)).

O

For the second type of I5 (with 6 = (1 ")), the condition on p becomes p =
—nu/c? for some totally positive unit v € U and nonzero ¢ € NO. As in the
previous case, u is a square, so it can be absorbed into ¢. Thus

p=—n/c
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for some ¢ € M. Under this condition, by Prop. 5.7 the contribution is

__ v N2
15 —Wu}ﬁn@ﬁw(ml,mg,n,c) N(¢)
4m \/aj m1m2 \/O'] nm1m2
X H Ji; 1 (4

(k; — 2)! |7 ()]

Once again, we cannot assume ¢ € F* so wgn(c) may be nontrivial. In fact

wein(c H sgn(o;(c

Summing over all ;1 amounts to summing over nonzero ¢ € 9t/+, and we obtain the
following.

Theorem 7.2. With notation as above, suppose F has narrow class number 1, k =
(k1,...,ky) with all k; > 2, and F is an orthogonal basis for Ax(M,w) consisting
of eigenfunctions for the Hecke operator T,. Then for any mq,mo € 0;1,

i b (k; —2)! Wi, (W, (1)

di N /2() E(zm/aj(mlmz))krl Z; lel?

r

= T(dmy,dma,n) | [ [(seno;(v/mima/n)® | wo(y/min/ma)™"

j=1
r Voj(nmims)
! s @) S ()
+W Z wm(mlam27nvc) N(C) H

F ceENO/+ j=1 (Z Sgn(Uj(C))kJ
c£0
Remarks: (1) Because O/cO = O/cO, we sce easily that for ¢ € N,
_ mity + mat
Swm (m17m2;’r];c) = Z W‘n(t2) 19ﬁn(M)-

t1,t0€0/cO
t1tg=n mod cO

The formula can be further simplified if we replace ¢ € M by ¢ = Nur for u €
O*/{£1} and 7 € O/O*. Then substituting ¢} = u='t;, th = u='t,, we have

Swm (m17 ma; 1 C) = wm(u)ilswm (mla ma; Uizﬁ% NT)a
so we can break the sum over ¢ into sums over u and 7 and group together the
terms with the same 7.

(2) If F = Q, then r = 1. The sum over ¢ € NZ/+ is simply a sum over
¢ > 0, N|e, and we recover the generalized Petersson trace formula of [KL1].

Now take 7 = 1 so n = O. Then A\ = 1 for all ¢. Because the narrow class
number is 1, Ax(M,w) corresponds (isometrically) to a classical space Sx(M,w’) of
cusp forms for I'g(M) as in (13). Here w'((24)) = w/'(d) = wm(d) " forany (¢ 4) €
To(M) = SLa2(F) N Ko(M). Conversely, given a character w’ : T'o(N)/T1(N) —
C*, the space Sx(M,w’) is isometric to Ax(M,w), where w is the Hecke character
determined by w’ using strong approximation A* = F*(Ff x @*) resulting from
narrow class number 1. By (14), if ¢ < h, then W¥£(1) = al},ﬂ/ze_27r tr(m)q,, (h), and
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we obtain the following direct generalization of Petersson’s original formula and (8)
of [Lu].

Corollary 7.3. For any orthogonal basis F for Sx(M,w’) and any my,ms € O_T_l
we have

di® |1 (k; — 2)! iy, (W) amy ()
dz(‘ﬁ) jlz‘[l(47rx/0j(m1m2))krl hezf ||hH2

Uj(m1m2))

1 27r A S I
= x(mi,ma) + =7 Ser(my,ma;c) e,
d;/Q CE;& 1;[ (isgn(oj(c))ks

c#£0
where x(m1,mz) € {0,1} is nonzero if and only if my = myu? for some u € OF
and S, (mi,ma;c) = > exp(2mi trg(m»w’(s).

s€(0/cO)*, s5=1
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